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Inclined pileup of edge dislocations near the crack tip.
o
Guido D.C. Dhondt and A. Cemal Eringen
Princeton University, Princeton N.J.
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PY The formation of a plastic zone, in the form of a linear array of inclined edge ¢
dislocations in front of a mode I crack in plane strain, is studied. The direction A
of the force field on an edge dislocation due to the crack load allows for the o
-
P determination of the plastic zone as a function of the inclination angle. The 4
dislocation distribution along the plastic zone is found from force equilibrium E::
considerations. The results show the presence of a dislocation free zone (DFZ) :l
N
- and a shrinking of the plastic zone size with greater angle of inclination. The latter .
angle does not seem to influence the DFZ size. The way in which we determined
the stress field allows us to study the influence of defects on the plastic zone
. - ' R ’ \
® formation. T e o ;
L
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Introduction. :
]
¢
'
t
Electron microscope studies have revealed that crack propagation involves a com- 4
X
bination of modes.(}:23.49 In thin areas, where the state of stress is predominantly
that of plane stress, the crack propagates as a mode Ill-crack and emits screw
dislocations in a plane coplanar with the crack. In thicker areas the crack behaves :
as a mode I-crack, and either it blunts by emitting edge dislocations on planes
45° to 90° inclined to the crack planc or propagates suddenly in a zig-zag fashion. ‘
The distribution of dislocations in the plastic zone coplanar to the crack was first
treated theoretically by Bilby, Cottrell and Swinden (BCS).(® The pile-up of screw b
dislocations in front of the mode III crack was later studied by Majumdar and .
Bums,() and Chang and Ohr(® These latter studies included the presence of a
dislocation-free zone (DFZ). Chang and Ohr also studied the inclined pile-up of :
screw dislocations, without DFZ0). '-
J
Experimental observations on the plastic zones, ahead of the crack tips, in real ‘
materials are substantially different in that the plastic zones are spread on two :
*d
thin leaves-attached to each of the crack tips. Here we idealize this by considering ‘
one or two symmetric lines of distributed dislocations that are inclined to the :
crack line. We consider only the pile-up of edge dislocations for the mode I-crack. A
Our approach is quite different from previous ones in that it searches for the
possibility of existence of a plastic zone in the form of a lincar array of edge R
dislocations with a certain angle of inclination. In this way the size of the DFZ
’
-
4
Introduction. 3 "
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and the plastic zone and its position arrise naturally from the calculations. We

have also determined the exact form of the dislocation distribution. The analysis

is based on a linear isotropic elastic material.

Plane Strain Solution.

In order to find the force field on an edge dislocation due to a crack and other

defects it is necessary to determine the stress field. For our study the general form

of the stress field, arising from an arbitrary symmetrically loaded crack in plane

strain, is needed. This problem can be split up into a symmetric mode I problem

and an anti-symmetric mode II problem.

The Boundary Conditions (B.C.) of the symmetric mode I problem are:

Oyyly=0 =0

oyy'crack = —p(X)

uylouuide crack = 0

P(x) =p(—x)

Plane Strain Solution.
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where 6y, (k] = x,y) denote the stress tensor, (i, &) the displacement vector

@ and p(x) is the traction applicd to the crack surface.

The stress field for this problem is given by (Sneddon (19 p 26):

o
ou(y) = 2 |7 05 - Div(Be ™ cosEa)t )
® Oyx.3) = = /2 708 + Dew(Ble ™ cos(Ent ©
1_2- x - .
Oy(x) = —y/5 | Ev(e” Vsin(Ende )
©
052X, ¥) = V(Oyy + Oyy) ®
o where
v® = /5 I folEnd )
e
(u)du
fit) = %j'_gz__;. (10)
P/t —u
) Here J,(2) denotes the Bessel’s function of the first kind of order n.
The B.C. of the antisymmetric mode II problem are:
| 7
Oyyly=0 =0 an
L c’!(ylcnclt = —q(x) (12)
Py Plane Strain Solution. S
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®
Uyloutside crack = 0 (13)
®
q(x) = —q(—x) (14 :
.
]
° where q(x) is the shear stress applied to the crack surface.
The solution of this problem is:
L J 7w -
ou(x¥) = = 5 [ &y — D8v()e” cosEnd (15) )
h
3= ] :
o ot y) = 7 I EyviRe” cos(End (16) ,
Oxy(XY) = 7 5 (Ey — Diw(Be ¥ sin(Ex)dg (an :
® .
022(X,¥) = W(Oyx + Oyy) (18)
o
where K
@
v® = /3 [ @ (19) :
@ 20 uq(u)du i
f=%f —— (20) 5
v JE -t :
These solutions involve quite tedious triple integrations. By expanding p(x) and :'
“ L}
q(x) in Fourier series, we managed to reduce the triple integrations to single ones,
.
resulting in the following solution:
o
Plane Strain Solution. 6 g
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Symmetric mode I:

| AL
. -

p(x) = Z Pp cos(nnx) 21
n=0

‘.l

L R g 4

i W

Oy = ZOP,,OEl(x, y) (k1=1xy) (22

v

where

~‘

>
+ Ony(X,y) = jo' Jg(nnt)lyh(x, y, 1) — f(x, y, t)]dt (23) .

opyx.y) = = [ tgmffx,y,1) +yhix,y, )t (249) o

v, v
A

on(xy) = —y [ Ugtnmticx, y, et (25)

L LT

-

Antisymmetric modc II:

]

q(x) = Z‘qn sin(nnx) + qpx (26)

o= 2 qouxy)  (k1=xy) @n

n=g

N AT
JAEERARAN

f. where

On(xy) = = fo ' sn(t)[yh'(x. 1) - A (x,y, t)]dt (28) }

¢

opy (%) = ¥ f o(Oh(x,y, @) .-:

Ory(XY) = 501 gn(O[yhy(x,y,1) ~ f(x,y, D)]dt (30)

Plane Strain Solution. 7
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Plane Strain Solution.
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g =Uj(nnt) n21

go(t) = 1272

@31

(32)

The term ggx in (26) is to account for a non zero shear stress at the crack tip.

The functions flx,p, 1), A(x,y,0), j(x,p0), f(x.y, 0, h'(x,y, 1), fs(x,»,1) and

hs(x,y, ) are collected in the appendix.
Along the crack line a great deal of simplifications are achieved:
Symmetric mode 1

1 Up(nnt)dt
ol (x,0) = x jo —

(x2 _ t2)3,/2

Oyy(x,0) = 03(x,0)

Opy(x,0) = 0
Antisymmetnic mode 11

o5, (x,0)=0

Oyy(x,0) = 0

olyx 0 = J! ——2“(‘)?3 .

(x" =19

A R A R N S N S NN RN NS

(33)

(34)

(39)

(36)

37

(38)
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"
where .".
|‘c
® i
gy(t) =tl(nnt) n =1 (39) .
R
° go(t) = /2 (40) 3
.
Hence we have the solution of a rather general problem in a form attractive to Z
B
° computations. The generality will allow us later on to take into account the
influence of any kind of in-plane defects on the plastic zone size and position. o
o’
7
Rt
o
Method of approach. =
i
®
,
’-
A
’
’.
’
® Experimental observations indicate that from the crack tip emanate one or two .
sets of edge dislocations making an average angle *a with the crack line. At first E
‘-
we look at the case of just one set of dislocations. We idealize this picture by iy
® assuming that the edge dislocations constitute two straight lines (fig 1). ;
¢
We can distinguish four kinds of forces on any of these dislocations: ::
° /
1. The force F, due 1o the crack load. R
5
- - -
® F (1) = b(t) F o(t) “n
v
f ks
D
® Method of approach. 9 s
N
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o
where b() is the Burger's vector density at t, ;
o
| Fo(t) = {[oiy(t) cos(a) + o, () sin(@)] €
‘ (42) ,
° - [Uix(t) cos(a) + oiy(t) sin(u)]_e'y} by
b K
F of(0) (k] = x) is the stress field at t due to the crack load and t is a local b
. coordinate along the plastic zone (t€[0, L}), fig 1.
®
2. The force Fd due to the other dislocations. 4
¢ F YRt MYb(\d” .
Fot) = b | K, Db (43)
where :
o
K,t0= —t < (44) X
B wm-ve -9 .
® Here p is the shear modulus and v is Poisson’s ratio.
3. The force ch due to the interaction of the dislocations with the crack. R
]
- L —
Fea® = bt { "bQK (1, 5)dC (45)
< where
o
P Method of approach. 10
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. ]
Ry1.2) = { [0 D cost@) + o1, 2)sin@)] 2,
@ (46)
~ [0t Dy cos(a) + 0350.%) s‘m(a)]?y} '
:
'b
° 02‘{(1. ) is the stress field at t due to the interaction of the crack with a unit
delta-Dirac dislocation density at . { and t are local coordinate< along the plastic 2
zone (1,5€[0,L)). =
@ - _
4. The force F; due to friction in the glide plane of the dislocation. .
. Fit) = —ch®)e, 47 ’
where ¢ is of the order of .
o
¢=10""% a 107 % (48)
The equilibrium configuration of the system requires that: \.
®
F.+ Fg+ Fy+ F(=0 (49)
¢
or
- Lr— — ‘:
Fo + [ [Kiw0) + Kot 060t - o = 0 (50) g
"
>
At first we neglect the interaction forces. Hence we have: ::
)
. — L— . o gr — "
Fo) + { K (1 2b@)d; - €, = 0 (51) z
o Method of approach. 11
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PY 4
&
Due to the chosen configuration the forces between the dislocations ;'.4 are parallel lj
® to their line of position, i.e. they have the same angle of inclination. Indeed, :
substituting (44) in (51) one obtains: :
§
]
7 = L A” !
o Fo + B[ ['Kit. 0z ] = 0 52 b
:
where -
>
e 2
- 1-
K,(t.8) = [K,(t, ) (53) :
© Hence, in order to obtain equilibrium the forces due to the crack load must also
have an inclination angle a (a necessary condition). From this we deduce the '
following approach to the solution of our problem: :
1. We choose an angle a. X
2. We determine the force field ;0 due to the crack load on an edge dislocation
with this angle of inclination.
3. In this forc. field we look for a straight line with inclination angle a, of forces ]
having this same inclination angle. This gives us the size and position of the plastic A
zone. 3
4. Knowing the force field along this line, we can calculate the edge dislocation ;
distribution (Burger’s vector) which will generate a force field with the opposite .
sign (force equilibrium). This requires the solution of the following integral equation: .
L
§Ki0bE; = ~f) (54 :
-
where
»
4
<,
o
Method of approach. 12 g
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o
]
. :
;
f(t) = Fo(t) — ¢ (55) $
|® . ;'
Fo(t) = |F ()] (56) P
Gt
W
[t
* S. The interaction forces between crack and dislocations can be treated by iteration. .
® . bt
Let the solution of (54) be by(f). The dislocation density b,(1), after one iteration W
» U
\!
is given by the solution of '
"
. —_ L — 1y L~ — )
Fo) + | K1 Db + [ Kot Obo@) — € =0 (57) :
;
"
P
The iterated location of the plastic zone is determined by the force field A
* i
— —t L - *
Fi0) = Fo) + [ Kt 5bo(2)d (58) :
"
by
® : . :
and the density b,(¢) is the solution of
L . i
J K@ 0Bz =~y (59) 9
®
»
where ‘
p
¢
.I
B
o -
fi)=1F,| - ¢ (60) .
:
N
In case of two symmetrically located dislocation lines (fig 2) we have to introduce ;
. some additional forces. ~
"
n R
5. The force F .4 due 10 the interaction of the symmetrically located dislocations
o with the crack.
Id
¢
Method of approach. 13 -
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.
'!
.
— L - .q
F oasl®) = b | BOK,(.0 (61) !
'!
. -
where Y.
"
‘l
4 ry = cds . » + cds . - !‘
° Kyt 0) = { [0 D cos(@) + 031, D) sin(a)] €,
(62) E
- [0350. Ycos(a) + 0,'}3‘0. 0 sin(a)]?y} N
o
o5®(4,%) is the stress field at t due to the interaction of the crack with a unit
delta-Dirac dislocation density at 2;'. g is symmetrically located with respect to {:
if t = § corresponds to the rectangular coordinate (x,y) then C' corresponds to (x,-y). \
@
6. The force ?d, due to the symmetrically located dislocations. :
15 .’
® rd
— L e
Fas(t) = b § bEK (1,5 (63) |
N
‘
where .
° \
Kt.9 = { [ofs00. Deosw) + oy, Dsin@] ¥, N
(64) A\
ds ds : - !
® - [ou(t. L)cos(a) + c,y(t, ) sm(a)] ey ]
offi(1,) is the stress field at t due to a unit delta-Dirac dislocation density at C.. "
i
o
Now equilibrium requires: N
P
.
r
ey — — —_ — —
° F.+ Fg+ Fy+ Fe+ Fogot Fyg=0 (65)
® Method of approach. 14 k
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We again only rctain ?c, ;‘.4 and ;f. Iteration is now based on the solution of

— Lr— — —
Fo + J [Ka0.9) + K50 + K00 ]bo0)ds +
(66)

L— -
+ [ K060+, =0

Due to the significance of the correction forces, iteration is more important in the

symmetric case.

The dislocation distribution.

The determination of the edge dislocation distribution corresponding to the cal-
culated force ficld amounts to the solution of the following Cauchy integral equa-

tion for b(x):

L b(x)udx e
| ey =) (67)
or
d
525 =qy) (68)
where
The dislocation distribution. 15
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The solution of (68) which is zero at L is given by Mikhlin (3} p 130:

o(t) =

5L -2 12 17
{! I )] Ko - I[ f(odc} (10)

a2 JUL = 1) t(L —1)

tef0, L) (71)

The first integral is a Cauchy integral whose singularity can be removed as follows:
we write the integral as one centered about the singularity and the rest: for ¢ <

L/2 we get:

AL -
1= JL[ ( C)] f()d; =

-4
(72)
12

r —_ 112
du, jLL(L )]

[ GRS TOEES) B (RO k- e L

Then we subtract the constant contribution of the numerator of the first integral
which removes the singularity. In this way we obtain:

fort < L/2:

1= {le- e -1+ )i - w - b - ol o }

(73)

Lo -1
+Jn_T—§—f(")d’

fort > L/2:

The dislocation distribution.
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Y S i
1= jo t—¢
L (74)

+ 17 le - o - v ) P - v - L - o P S

f(5)d3

o
° Results and discussion.
@
We ran the computer program for a = 45°, 55°, 60°, 70° and 80°. These angles
were chosen because experimentally edge dislocation emission happened mainly
in a direction within 45° to 90° angles with the crack plane. ]
®
Figures 3 to 7 give a detailed overview of our scheme for one crack line with a P
=60°. Crack length and load were taken unity. Figure 3 represents the force field !
o
due to the crack load on an edge dislocation with angle 60°. Figure 4 displays the i
line along which the forces are inclined over 60°. The plastic zone is given by that
portion of the line that has a line of inclination of 60°(fig 5) to within a tolerance
o .
of 4°. The force f(t) along the (normalized) plastic zone is given by fig 6. Finally
fig 7 shows us the edge dislocation distribution along the plastic zone. We see
that the method gives us the plastic zone and DFZ in a natural way.
LY
The effects of subsequent iterations on the plastic zone location are represented
; in fig 8. It is clear that in the case of only one dislocation line iteration doesn not K
o
influence the results appreciably.
‘ ® Results and discussion. 17
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Fig 9 points out 1o the influence of the friction on the dislocation density. As

long as the friction force does not exceed the minimum force density along the

dislocation line, the extent of the plastic zone is not affected.

We also ran the program for different angles, the results of which are displayed
in fig 10. We notice that the size of the DFZ is not really dependent on the angle
of inclination, while the plastic zone size clearly is. There is a general trend for
the plastic zone to get shorter with greater angles. The forces along the plastic

zone and the dislocation distribution increase slightly with larger angles.

The situation for the two symmetric dislocation zones is different. Fig 11 makes
it clear that iteration is quitc important. The forces neglected in the zeroth iteration
are indeed significant. Fig 12 displays an overview for several angles of inclination.
We see that the dislocation zones are slightly smaller than the case of a single

dislocation line.

Summary
In this article we studied the existence of a plastic zone consisting of edge dislo-
cations around a mode 1 crack. The analysis showed a decreasing plastic zone size
for an increasing angle of inclination. The presence of a DFZ emerged as a natural
product of the calculations. The present method can be applied to mode Il
Summary 18
R T = T R SR N A U LI et N T e

.
.........
------

» o . .'-."I"'. o, . . . . B e - . P . e
PSSR AN R, Sy S, S S S AP UL LI I W LAY L R A AR R, DK LY TSR W SERCR R S




b, -
L

S A A

CREACINTN

problems and the interaction of the crack with material defects. The influence of
the generation of Helium bubbles on size and location of the plastic zone will be

discussed in a subsequent paper.
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Appendix

We can express flx, ), 1), h(x,p, 1), j(x,p, 0, f(x,y, 0, h'(x,y. 1), h(x,y,t) and

fi(x,»,1) as a function of 3 other functions H,(p), Hx(p, q) and Hj(x,y,?):

f(x,y,t) = —H(y) (75)
h(x,y,t) = Hy(y,y) (76)
i(x,y,1) = Hy(x,y) (™
f(x,y.1) = = Hy(1) (78)
Appendix 19
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h'(x,y,1) = Hy(y, 1) (79)
hy(x,y,t) = Hy(x,1) (80)
fo(x,y,1) = H(x,y,1) (81)
where
H(p) = — (g ' 2 +g g")_l"z[-ls_mg + 8281 — 8 8'2] (82)
1 5 /3 B 28 281 1p T 82p81 1pB281
-‘\.
-1 -2 -1,732 1 -3n -2
H,(p.q) = "‘_/—2-'(81 24 828, 1) ["’581 3 Bip T 82p8) ~ 81p8281 ]x
\/
1 -32 -2 1 -1ip -1,7 1R
"["581 Biq * B2qB1 ~ 8128 ] + m(gl Prge ) x
(83)
I P K S + - - "2 4
X T281 " Bipg *{BapgBi * BapBiq T BipgB2 T BipB2q)Bi
43,752 - - )28,08; °
2B BiqBip ~(B2pB1 T B1p2)28,08:
PqQ = Xy ort
~2x(83y + Bary)
Hy(x,y,t) = ; "
(B3 + ga)(gy + )" — 4x
2x(g3, + &41) 112
+ - [y e e - )
(83 + 2)°((8; + &) — 4x7)
2 2,271
gy + 2a) (B3y + Ray)(8; + ) — 4X)
Appendix 20
q}\‘f\- \""}'j' LY "*'i"j"‘u._‘."'.'..}'b:..'ni:-):;.’-.:';-.\"'.:‘ . ~'- "(.:,-;‘:{’:f.:,' o ;~ rd “~ ,'_ '.\'-'.f\.\ -:.--'



in which:
2
g = (7 + 12— x%) + axdy? (85)
B=y +t-x (86)
2 3 B
8 = [y +(t+ x)] 87

g = [+ -0 ! (88)

The subscripts x, y, t, p and q represent partial derivatives with respect to x, y, t,

p, and q.

o Appendix 21
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